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SMOOTH REPRESENTATIONS OF UNIT GROUPS OF SPLIT
BASIC ALGEBRAS OVER NON-ARCHIMEDEAN LOCAL
FIELDS
CARLOS A. M. ANDRE´ AND JOA˜O DIAS
Abstract. We consider smooth representations of the unit group G = A× of
a finite-dimensional split basic algebra A over a non-Archimedean local field.
In particular, we prove a version of Gutkin’s conjecture, namely, we prove
that every irreducible smooth representation of G is compactly induced by a
one-dimensional representation of the unit group of some subalgebra of A. We
also discuss admissibility and unitarisability of smooth representations of G.
Let k be a non-Archimedean local field (such as a finite extension of the p-adic
field Qp, or a field Fq((t)) of formal Laurent series in one variable over a finite
field Fq); we equip k with the natural topology making it a locally compact totally
disconnected topological field. We fix a non-trivial unitary character ϑ : k+ → C× of
the additive group of k, and for each a ∈ k we define ϑa : k+ → C× by ϑa(b) = ϑ(ab)
for all b ∈ k; then, the mapping a 7→ ϑa defines a topological isomorphism between
k+ and its Pontryagin dual (see, for example, [3, Proposition 1.7]).
Let A be a finite-dimensional associative k-algebra (with identity), and let J (A)
denote the Jacobson radical of A. We say that A is a basic k-algebra if the J (A)
equals the set consisting of all nilpotent elements of A; in [15], B. Szegedy refers
to A as an N-algebra over k. It follows from Wedderburn’s theorem (and from
the usual process of “lifting idempotents”) that a finite-dimensional k-algebra A is
basic if and only if there are nonzero orthogonal idempotents e1, . . . , en ∈ A such
that
A =
(
k1e1 ⊕ · · · ⊕ knen
)
⊕ J (A)
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2where k1, . . . , kn are finite field extensions of k; we refer to D = k1e1 ⊕ · · · ⊕ knen
as the diagonal subalgebra of A. In the case where ki = k for all 1 ≤ i ≤ n, we refer
to A as a split basic k-algebra (in the terminology of [15], A is referred to as a DN-
algebra over k). The following easy observation is crucial for inductive arguments;
a proof in the case where k is a finite field can be found in [15, Lemmas 2.2 and 2.3].
Lemma 1. Let A be a finite-dimensional split basic k-algebra. Then, every subal-
gebra of A is also a split basic k-algebra.
Proof. Let B be a subalgebra of A, and let J (B) denote the Jacobson radical of
B. Since J (B) = B ∩ J (A), it is clear that B is a basic k-algebra; moreover, the
k-algebra B/J (B) is naturally isomorphic to the subalgebra
(
B + J (A)
)
/J (A) of
the semisimple k-algebra A/J (A). Therefore, without loss of generality, we may
assume that A is a split basic semisimple k-algebra. Since B is a basic semisimple
k-algebra, there are nonzero orthogonal idempotents e′1, . . . , e
′
m ∈ B such that B =
k1e
′
1⊕· · ·⊕kne
′
m where k1, . . . , kn are finite field extensions of k. On the other hand,
let e1, . . . , en ∈ A be nonzero orthogonal idempotents such that A = ke1⊕· · ·⊕ken.
It is straightforward to check that there exists a subset partition I1, . . . , Im of
{1, . . . , n} such that e′j =
∑
i∈Ij
ei, and thus eje
′
i = ei for all i ∈ Ij and all
1 ≤ j ≤ m. It follows that kje′jei = kjei ⊆ Aei = kei for all i ∈ Ij and all
1 ≤ j ≤ m, which clearly implies that kj = k for all 1 ≤ j ≤ m. 
In the following result we list some elementary properties which will be used
repeatedly throughout the paper; for a detailed proof (which does not depend on
the finiteness of the field k) we refer to [9, Lemma 2.1].
Lemma 2. Let A be a finite-dimensional split basic k-algebra, let D be the diagonal
subalgebra of A, and let e1, . . . , en ∈ A be nonzero orthogonal idempotents such that
D = ke1 ⊕ · · · ⊕ ken. The following properties hold.
(i) If V is an (arbitrary) D-bimodule, then V decomposes as a direct sum of
the (non-zero) homogeneous sub-bimodules eiVej for 1 ≤ i, j ≤ n.
(ii) For every sub-bimodule V1 of a D-bimodule V, there exists a sub-bimodule
V2 of V such that V = V1 ⊕ V2.
(iii) Every D-bimodule decomposes as a direct sum of one-dimensional sub-
bimodules.
(iv) If V is a one-dimensional D-bimodule and v ∈ V is such that V = kv, then
there exist uniquely determined 1 ≤ i, j ≤ n such that v = eivej.
Let G = A× denote the unit group of a split basic k-algebra A. For any (nilpo-
tent) subalgebra U of J (A), the set 1 + U is a subgroup of G to which we refer
as an algebra subgroup of G (as defined in [10]); similarly, if I ⊆ J (A) is an ideal
of A, we refer to 1 + I as an ideal subgroup of G. In the particular case where
3I = J (A), it is clear that P = 1 + J (A) is a normal subgroup of G; furthermore,
G is the semidirect product G = TP where T ≤ G is isomorphic to the unit group
of A/J (A). Since A is a split basic k-algebra, T is isomorphic to a direct product
k× × · · · × k× of n = dimA/J (A) copies of the multiplicative group k× of k. In
fact, T = D× is the unit group of the diagonal subalgebra D of A; we will refer to
T as the diagonal subgroup of G.
Example 1. Let Mn(k) denote the k-algebra consisting of all n×n matrices with
entries in k, and let A = Bn(k) denote the Borel subalgebra ofMn(k) consisting of
all upper-triangular matrices; hence, G = A× is the standard Borel subgroup Bn(k)
of the general linear group GLn(k) (consisting of all invertible matrices inMn(k)).
In this case, T ≤ G is the standard torus consisting of all diagonal matrices, and
P = 1 + J (A) is the standard unitriangular group; we note that J (A) is the
nilpotent ideal of A consisting of all upper-triangular matrices with zeroes on the
main diagonal. In this case, for each 1 ≤ i ≤ n, the idempotent ei ∈ A can be
chosen to be the elementary matrices ei = ei,i having a unique non-zero entry
(equal to 1) in the position (i, i), and thus D = ke1⊕ · · · ⊕ ken is the subalgebra of
A consisting of all diagonal matrices.
The topology of k induces naturally a topology in G = A× with respect to
which G becomes a locally compact totally disconnected topological group (that is,
a topological group such that every open neighbourhood of the identity contains a
compact open subgroup); for simplicity, we follow the terminology of [2] and refer
to such a group as an ℓ-group. (For the definition and main properties of ℓ-groups,
we refer mainly to [3, Chapter I].) We notice that G is second countable. On the
other hand, any algebra subgroup Q of G is an ℓc-group (see [2]) which means that
Q is the filtered union of its compact open subgroups; in other words, every element
of Q is contained in a compact open subgroup, and any two such subgroups are
contained in a third such subgroup.
We recall that a (complex) representation of G is a pair (π, V ) consisting of
a complex vector space V (not necessarily of finite dimension) and group homo-
morphism π : G → GL(V ) where GL(V ) denotes the group consisting of all linear
automorphisms of V ; for simplicity, we will refer to V as a (left) G-module with
(linear) G-action defined by gv = π(g)v for all g ∈ G and all v ∈ V . A G-module
V is said to be smooth if, for every v ∈ V , the centraliser Gv = {g ∈ G : gv = v}
is an open subgroup of G; in the particular case where the vector space V is one-
dimensional, we naturally obtain a group homomorphism ϑ : G → C× with open
kernel. We will refer to such a homomorphism as a smooth character of G, and
denote by G◦ the set consisting of all smooth characters of G. A smooth charac-
ter ϑ ∈ G◦ can be naturally viewed as a smooth representation of G; indeed, an
4arbitrary one-dimensional G-module is smooth if and only if it affords a smooth
character of G. Throughout the paper, for every smooth character ϑ ∈ G◦, we
will denote by Cϑ the one-dimensional smooth G-module whose underlying vector
space is C and where the (linear) G-action is given by gα = ϑ(g)α for all g ∈ G
and all α ∈ C.
It is well-known that G◦ is a group with respect to the usual multiplication of
characters; it should not be confused with the Pontryagin dual ofG which consists of
all unitary characters ϑ : G→ C× of G. By definition, a unitary character of G is a
continuous group homomorphism ϑ : G→ C× whose image ϑ(G) lies inside the unit
circle S1 in C. We observe that every unitary character of G is a smooth character,
but the converse is not necessarily true; however, for an arbitrary ℓc-group Q, it is
well-known that Q◦ equals the Pontryagin dual of Q (see [3, Proposition 1.6]; see
also [2, Lemma 4.9]).
A morphism between smooth G-modules is defined as a morphism of abstract
G-modules; we refer to such a morphism as a homomorphism of G-modules (or
simply a G-homomorphism), and denote by HomG(V, V
′) the (complex) vector
space consisting of all homomorphisms between G-modules V to V ′. We say that
two smooth representations (π, V ) and (π′, V ′) of G are equivalent if there is an
isomorphism ϕ ∈ HomG(V, V ′) (that is, a linear isomorphism which commutes
with the G-actions); if this is the case, then the smooth G-modules V and V ′ are
said to be isomorphic, and we write V ∼= V ′. A smooth G-module V is said to
be irreducible if V 6= {0} and {0} and V are the only G-invariant subspaces of
V . Since G is an ℓ-group (hence, G is second countable), there is a natural linear
isomorphism HomG(V, V ) ∼= C for every irreducible smooth G-module V ; the proof
of this version of Schur’s Lemma is due to H. Jacquet [11] (it can be found in
[3, pg. 21]; see also [4]). As a consequence, we deduce that, if G is abelian, then
every irreducible smooth G-module is one-dimensional (and hence affords a smooth
character of G).
If H is a subgroup of G and V is a G-module, we denote by V H the vector
subspace of V consisting of all v ∈ V such that hv = v for all h ∈ H ; then, V
is a smooth G-module if and only if V =
⋃
K V
K where K runs over all compact
open subgroups of G. A smooth G-module V is said to be admissible if, for every
compact open subgroup K of G, the subspace V K is finite-dimensional; on the
other hand, V is said to be unitarisable if V has a positive definite Hermitian inner
product invariant under the action of G. We recall the (usual notion) of unitary
representations (which are not necessarily smooth) of topological groups. By a
unitary representation of a topological group G we mean a pair (π,H) where H is
an Hilbert space over C and π : G → U(H) is a continuous group homomorphism
from G to the group of unitary linear automorphisms ofH equipped with the strong
5operator topology; in this case, the representation (π,H) is said to be irreducible if
H 6= {0} and {0} and H are the only π(G)-invariant closed subspaces of H.
A major diference between ℓ-groups and ℓc-groups (hence, in particular, between
G = A× and its algebra subgroups) concerns with admissibility and unitarisability
of smooth modules. Indeed, [2, Theorem 1.3] asserts that, if P is an algebra group
over a non-Archimedean local field k, then every smooth irreducible P -module is
admissible and unitarisable; in general, by an algebra group over an arbitrary field
k we mean a group of the form 1 + J where J is a finite-dimensional nilpotent
k-algebra (with product formally defined by (1 + a)(1 + b) = 1 + a + b + ab for
all a, b ∈ J ). In particular, the unitarisability of a smooth character ϑ ∈ P ◦ is
equivalent to the statement that the image ϑ(P ) lies inside the unit circle S1 in C
(by [3, Proposition 1.6]). However, the absolute value | · | of a non-Archimedean
local field k defines a smooth homomorphism | · | : k× → C× whose image does not
lie inside S1.
The main goal of this paper is to study smooth modules for the unit group
G = A× of an arbitrary finite-dimensional split basic k-algebra A; in particular,
we aim to establish that every irreducible smooth G-module may be obtained by
induction (with compact supports) from a one-dimensional smooth module for the
unit group H = B× of some subalgebra B of A.
Let G be an arbitrary ℓ-group, and let H be a closed subgroup of G; hence, H is
also an ℓ-group. Let W be an arbitrary smooth H-module, and define IndGH(W ) to
be the (complex) vector space consisting of all functions φ : G → W which satisfy
the following two conditions:
(i) φ(hg) = hφ(g) for all h ∈ H and all g ∈ G;
(ii) there is an compact open subgroup K of G such that φ(gk) = φ(g) for all
g ∈ G and all k ∈ K.
We define a (linear) G-action on IndGH(W ) by the rule
(gφ)(g′) = φ(g′g), g, g′ ∈ G, φ ∈ IndGH(W );
then, IndGH(W ) becomes a smooth G-module, to which we refer as the smooth G-
module smoothly induced by W . If ρ : H → GL(W ) is the smooth representation
of H which is canonically determined by the smooth H-module W , then we will
denote by IndGH(ρ) the smooth representation of G which is canonically determined
by the smooth G-module IndGH(W ). In particular, for every smooth character
ϑ ∈ H◦, we obtain a smooth representation IndGH(ϑ) of G on the vector space
IndGH(Cϑ) consisting of all complex-valued functions φ : G → C which satisfy the
two conditions as above; notice that condition (i) reads as φ(hg) = ϑ(h)φ(g) for all
h ∈ H and all g ∈ G.
6On the other hand, we define c-IndGH(W ) to be the vector subspace of Ind
G
H(W )
consisting of all functions φ : G → W which are compactly supported modulo H ,
which means that supp(φ) ⊆ HC for some compact subset C ⊆ G; as usual, supp(φ)
denotes the support of φ. It is clear that c-IndGH(W ) is aG-invariant vector subspace
of IndGH(W ), and thus c-Ind
G
H(W ) becomes a smooth G-module to which we refer
as the smooth G-module compactly induced (or simply c-induced) by W . As in the
case of smooth induction, if ρ : H → GL(W ) is the smooth representation of H
which is canonically determined by the smooth H-module W , then we will denote
by c-IndGH(ρ) the smooth representation of G which is canonically determined by
the smooth G-module c-IndGH(W ). In the general situation, it is obvious that
c-IndGH(W ) = Ind
G
H(W ) whenever the coset space H\G is compact; however, the
canonical inclusion map c-IndGH(W ) →֒ Ind
G
H(W ) may be an isomorphism even
when H\G is not compact (this may occur, for example, in the case where G is an
algebra group and H is an algebra subgroup of G; see [2, Theorem 1.3]) .
The main goal of this paper is to prove the following result.
Theorem 1. Let A be a finite-dimensional split basic algebra over a non-Archime-
dean local field k, let G = A× be the unit group of A, and let V be an irreducible
smooth G-module. Then, there exists a subalgebra B of A and a smooth character
of the unit group H = B× such that V ∼= c-IndGH(Cϑ).
We should mention that the analogous result has been proved by Z. Halasi in
the case where k is a finite field (see [9, Theorem 1.3]), and this result extends
a previous result (see [8, Theorem 1.2]) for arbitrary algebra groups over finite
fields. More generally, E. Gutkin in [7] claimed that every unitary irreducible
representation of an algebra group over a locally compact self-dual field is induced
(in the sense of unitary representations) by a unitary character of some algebra
subgroup; this statement obviously includes the case of an algebra group over a
finite field, and the proof of it was shown to be defective by I.M. Isaacs in [10,
Section 10]. However, the theorem by Z. Halasi has been successfully generalised
to the general situation by M. Boyarchenko in the paper [2]; in particular, [2,
Theorem 1.3]) asserts that every irreducible smooth representation of an algebra
group over any non-Archimedean local field k is admissible and unitarisable. In
general, this is not true for the unit group of an arbitrary split basic k-algebra.
By the way of example, the multiplicative group k× of a non-Archimedean local
field has smooth characters which are not unitarisable; as we mentioned above, the
absolute value of k defines a smooth character of k× whose image does not lie in
the unit circle S1. On the other hand, the following example shows that there are
irreducible smooth representations which are not admissible.
7Example 2. Let k be an arbitrary non-Archimedean local field, and let A = B2(k)
be the standard Borel algebra of M2(k); hence, G = A× is the standard Borel
subgroup B2(k) of GL2(k) consisting of all upper-triangular matrices. It is obvious
that G is the semidirect product G = TP where T ∼= k××k× is the subgroup of G
consisting of all diagonal matrices and P ∼= k+ is the abelian normal subgroup of
G consisting of all unipotent matrices.
We consider the conjugation action of G on P ◦: for every g ∈ G and every
ϑ ∈ P ◦, we define ϑg ∈ P ◦ by ϑg(x) = ϑ(gxg−1) for all x ∈ P . It is clear that
there are exactly two G-orbits on P ◦, namely: the singleton {1P } consisting of
the trivial character of P , and its complement P ◦ \ {1P}. Both these G-orbits are
locally closed, and thus by [14, Corollaire 2 au The´ore`me 3] there are two distinct
families of irreducible smooth G-modules each one corresponding to one of these
two G-orbits. On the one hand, one has the family consisting of one-dimensional G-
modules corresponding to the smooth characters ϑ ∈ G◦ which satisfy P ⊆ ker(ϑ);
indeed, P lies is the kernel of every smooth character of G.
On the other hand, there is a family corresponding to a fixed non-trivial smooth
character ϑ ∈ P ◦. In this case, the centraliser1 Gϑ is the (internal) direct product
Gϑ = ZP where Z = Z(G) is the center of G; notice that Z ∼= k×, whereas P ∼= k+
(hence, Gϑ ∼= k× × k+). Since Gϑ is abelian, every irreducible smooth Gϑ-module
is one-dimensional. By Rodier’s result, for every smooth character τ ∈ (Gϑ)◦
satisfying τP = ϑ, the c-induced smooth Gϑ-module c-Ind
G
Gϑ(Cτ ) is irreducible
(and clearly of dimension ≥ 2); moreover, the mapping τ 7→ c-IndGGϑ(Cτ ) defines a
one-to-one correspondence between smooth characters of Gϑ satisfying τP = ϑ and
irreducible smooth G-modules with dimension ≥ 2.
Now, let O denote the ring of algebraic integers of k, let
T0 =
{[
α 0
0 β
]
: α, β ∈ O×
}
where O× denote the unit group of O, and consider the subgroup G0 = T0Gϑ of
G; notice that G0 is an open (hence, also a closed) subgroup of G. Let τ ∈ (Gϑ)◦
be an arbitrary smooth character of Gϑ satisfying τP = ϑ, and consider the c-
induced G-module V = c-IndGGϑ(Cτ ). By the transitivity of c-induction (see [1,
Proposition 2.25(b)]), we have V = c-IndGG0(V0) where V0 = c-Ind
G0
Gϑ
(Cτ ). Since
V is irreducible, it is obvious that V0 is an irreducible smooth G0-module. Since
G0 is an open subgroup of G, it follows from [3, Lemma 2.5] that V0 is naturally
1Throughout the paper, whenever a group G acts on a set Ω, we denote by Gω the centraliser
of ω ∈ Ω in G.
8embedded as a vector subspace of V and that we have a direct sum decomposition
V =
⊕
g∈G
gV0
where G is a complete set of representatives of the coset space G/G0.
Let K be a sufficiently small open compact subgroup of G0 such that V
K
0 6= {0}
(hence, V K 6= {0}), and let
gm =
[
̟m 0
0 ̟−m
]
, m ∈ N,
where ̟ ∈ O is the uniformiser of k (so that ̟O is the unique maximal ideal
of O). For every m ∈ N, we have gm /∈ G0 and gmKg−1m ⊆ K. It follows that
(gmV0)
K = gmV
K
0 6= {0}, and thus
V K =
⊕
g∈G
(gV0)
K
has infinite dimension. Therefore, the smooth G-module V is not admissible, and
hence it follows from Rodier’s theorem that an irreducible smooth G-module is
admissible if and only if it is one-dimensional.
The proof of Theorem 1 relies on a refinement of the general techniques used by
M. Boyarchenko in the paper [2].
Notation. Henceforth, we fix the following notation which we will use repeatedly,
without always recalling their meaning.
• k is a non-Archimedean local field.
• A is a finite-dimensional split basic k-algebra.
• G = G(A) is the unit group of A.
• J = J (A) is the Jacobson radical of A, and P = 1 + J ;
• D is the diagonal subalgebra of A, and T = D× is the diagonal subgroup
of G.
We recall that G is a second countable ℓ-group, and that P is a normal ℓc-
subgroup of G; moreover, G is the semidirect product G = TP . We also recall that
by an algebra subgroup of G we mean a subgroup of G of the form Q = 1 + J
where J is a (nilpotent) subalgebra of J (A) (hence, Q ⊆ P ), whereas an ideal
subgroup of G is an algebra subgroup Q = 1+J where J ⊆ J (A) is an ideal of A
(in particular, every ideal subgroup of G is a normal subgroup of G).
Let Q be an arbitrary algebra subgroup of G (hence, Q is a subgroup of P ), and
let W be an arbitrary smooth Q-module. For every smooth character ϑ ∈ Q◦, we
denote by W (ϑ) the vector subspace of W linearly spanned by vectors xw− ϑ(x)w
for x ∈ Q and w ∈ W , and consider the quotient Wϑ = W/W (ϑ); notice that Wϑ is
9the largest quotient of W where Q acts via the character ϑ. We define the spectral
support of W to be the subset
SpecQ(W ) = {ϑ ∈ Q
◦ : Wϑ 6= {0}}
of Q◦; we recall that, since Q is an ℓc-group, Q
◦ equals the Pontryagin dual of Q.
If V is an arbitrary smooth G-module, then V is also a smooth Q-module, and
thus we may define the quotient Vϑ = V/V (ϑ) as above; in this case, we refer to
SpecQ(V ) as the spectral support of V with respect to Q. In the case where Q is an
ideal subgroup of G, then Q is a normal subgroup, and hence G acts by conjugation
on Q◦: for every g ∈ G and every ϑ ∈ Q◦, we define ϑg ∈ Q◦ by ϑg(x) = ϑ(gxg−1)
for all x ∈ Q. We also observe that Vϑ is a smooth Gϑ-module which satisfies
xv = ϑ(x)v, x ∈ Q, v ∈ Vϑ
(that is, the restriction ResGϑQ (Vϑ) of Vϑ to Q is isotypic of type ϑ). In this situation,
the following auxiliary result will be important for us; for any subgroup H of G,
we will denote by [H,H ] the closure of the commutator subgroup [H,H ] of H .
Lemma 3. Let V be an arbitrary smooth G-module, and let Q be an ideal subgroup
of G. Then, SpecQ(V ) is a G-invariant subset of Q
◦ and
V0 =
⋂
ϑ∈SpecQ(V )
V (ϑ)
is a G-submodule of V (that is, a G-invariant vector subspace of V ). In particular,
if V is irreducible and SpecQ(V ) is non-empty, then [Q,Q] acts trivially on V , and
hence V becomes naturally as an irreducible smooth
(
G/[Q,Q]
)
-module.
Proof. For the first assertion, it is enough to observe that V (ϑg) = gV (ϑ) for all
ϑ ∈ Q◦ and all g ∈ G. For the second assertion, we start by observing that V0 6= V
(otherwise, V (ϑ) = V for all ϑ ∈ SpecQ(V )), and thus V0 = {0} (because V is
irreducible). It follows that the natural linear map
V −→
∏
ϑ∈SpecQ(V )
Vϑ
is injective, and thus [Q,Q] acts trivially on V (because [Q,Q] ⊆ ker(ϑ) for all
ϑ ∈ Q◦). 
As a consequence of [14, Corollaire 1 au The´ore`me 3], we conclude that SpecQ(V ) =
ϑG whenever Q be an ideal subgroup of G and V is an irreducible smooth G-module
such that SpecQ(V ) 6= ∅; indeed, we have the following result.
Lemma 4. Let Q be an ideal subgroup of G, and let ϑ ∈ Q◦. Then, the G-orbit
ϑG = {ϑg : g ∈ G} is a locally closed subset of Q◦.
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Proof. Since G is a second countable locally compact group, it is σ-compact (that
is, a union of countably many compact subspaces), and thus ϑG is naturally home-
omorphic to the quotient space G/Gϑ (see [6, Proposition 2.44]). Since G/Gϑ is a
locally compact space, we conclude that ϑG is also locally compact, and thus it is
open in its closure ϑG in Q◦. 
Lemma 5. Let V be an irreducible smooth G-module, let Q be an ideal subgroup
of G, and let ϑ ∈ Q◦ be such that Vϑ 6= {0}. Then, SpecQ(V ) = ϑ
G; moreover, Vϑ
is an irreducible smooth Gϑ-module and V ∼= c-Ind
G
Gϑ
(Vϑ).
Proof. We consider the closure [Q,Q] of the commutator subgroup of Q and the
quotient group G = G/[Q,Q]; then, G is an ℓ-group, and Q = Q/[Q,Q] is an
abelian normal subgroup of G. By Lemma 3, V is an irreducible smooth G-module;
moreover, Lemma 4 clearly implies that every G-orbit is a locally closed subset
of Q
◦ ∼= Q◦. Therefore, it follows from [14, Corollaire 1 au The´ore`me 3] that
SpecQ(V ) = ϑ
G and that Vϑ is an irreducible smooth Gϑ-module; moreover, [14,
Corollaire 2 au The´ore`me 3] implies that V ∼= c-IndGGϑ(Vϑ). The result follows
because ϑG = ϑG, [Q,Q] ⊆ Gϑ and Gϑ = Gϑ/[Q,Q]. 
Our next aim is to prove that, for every irreducible smooth G-module V , there
exists an ideal subgroup Q of G (depending on V ) such that SpecQ(V ) 6= ∅; the
existence of the ideal subgroup Q will be established using a slightly modified key
construction due to M. Boyarchenko (see [2, Section 5.2]). We start by proving the
following auxiliary result.
Lemma 6. Let V be an irreducible smooth G-module, and let Q be an arbitrary
algebra subgroup of G. Then, the smooth Q-module ResGQ(V ) has an irreducible
quotient.
Proof. Since Q is an ℓc-group, every irreducible smooth Q-module is admissible
(by [2, Theorem 1.3]), and thus ResGQ(V ) has an irreducible quotient (by [2, Corol-
lary 4.8]). 
Next, we deal with the case where ResGP (V ) has a one-dimensional quotient.
Lemma 7. Let V be an irreducible smooth G-module, and let W be an irreducible
quotient of ResGP (V ). Suppose that W is one-dimensional, and let ϑ ∈ P
◦ be
the character afforded by W . Then, ϑ is G-invariant if and only if V is one-
dimensional.
Proof. It is clear that ϑ is G-invariant whenever V is one-dimensional. Conversely,
suppose that ϑ is G-invariant. Then, V (ϑ) is a G-invariant vector subspace of V ,
and hence either V (ϑ) = {0} or V (ϑ) = V (because V is irreducible). Since P is an
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ℓc-group, [1, Proposition 2.35] implies that Wϑ = W/W (ϑ) is an epimorphic image
of Vϑ = V/V (ϑ), and thus Vϑ 6= 0 (because W (ϑ) = {0}, and hence W ∼= Wϑ).
Therefore, we must have V (ϑ) = {0}, and thus
xv = ϑ(x)v, x ∈ P, v ∈ V.
It follows that the restriction ResGT (V ) of V to the diagonal subgroup T of G is
irreducible; indeed, if V ′ is T -submodule of ResGT (V ), then V
′ is also a G-submodule
of V (because every vector subspace of V is P -invariant), and so either V ′ = {0}
or V ′ = V . Since T is an abelian ℓ-group, Schur’s lemma implies that V is one-
dimensional, and this completes the proof. 
In the following, we let V be an irreducible smooth G-module, and assume that
dimV ≥ 2. Let W be an irreducible quotient of ResGP (V ). On the one hand,
suppose that W is one-dimensional, and let ϑ ∈ P ◦ be the character afforded by
W . Since dim V ≥ 2, we have Gϑ 6= G (by the previous lemma); moreover, by
Lemma 5, Vϑ is an irreducible smooth Gϑ-module and V ∼= c-Ind
G
Gϑ(Vϑ). As in
the proof of Lemma 7, we conclude that Vϑ is one-dimensional; notice that Wϑ is
a one-dimensional irreducible quotient of ResGϑP (Vϑ). Therefore, Theorem 1 holds
in this situation once we prove that Gϑ is the unit group of some subalgebra of A;
we observe that Gϑ is the semidirect product Gϑ = TϑP .
Proposition 1. For every ideal subgroup Q of G and every ϑ ∈ Q◦, the centraliser
Tϑ is the unit group of a subalgebra of D.
Proof. If J ⊆ J (A) is an ideal of A and ϑ ∈ (1 + J )◦, then it is straightforward
to check that
Dϑ = {d ∈ D : ϑ(1 + ad) = ϑ(1 + da) for all a ∈ J }
is a subalgebra of D with (Dϑ)× = Tϑ. By the way of example, let d, d′ ∈ Dϑ, and
let a ∈ J be arbitrary. Then, since a(1 + da)−1 = (1 + ad)−1a, we deduce that
ϑ(1 + da+ d′a) = ϑ(1 + d′a(1 + da)−1)ϑ(1 + da)
= ϑ(1 + a(1 + da)−1d′)ϑ(1 + ad)
= ϑ(1 + ad)ϑ(1 + (1 + ad)−1ad′)
= ϑ(1 + ad+ ad′),
and thus d+ d′ ∈ Dϑ. 
As we mentioned above, this completes the proof of the following particular case
of Theorem 1.
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Proposition 2. Let V be an irreducible smooth G-module, and let W be an irre-
ducible quotient of ResGP (V ). Suppose that W is one-dimensional, and let ϑ ∈ P
◦
be the character afforded by W . Then, Gϑ is the unit group of some subalgebra of
A, and Vϑ is a one-dimensional smooth Gϑ-module such that V ∼= c-Ind
G
Gϑ(Vϑ).
Proof. We have already proved that the smooth Gϑ-module Vϑ is one-dimensional
and that V = c-IndGGϑ(Vϑ). If D is the diagonal subalgebra of A and T = D
×, then
the previous proposition assures that Tϑ is the unit group of some subalgebra Dϑ of
D. Since Gϑ = TϑP and since J (A) is an ideal ofA, it follows thatAϑ = Dϑ⊕J (A)
is a subalgebra of A and that Gϑ = (Aϑ)× is the unit group of Aϑ. 
For the proof of Theorem 1 will be proceed by induction on dimA. By the results
above, the inductive step depends on the existence of an ideal subgroup Q of G such
that SpecQ(V ) 6= ∅ where V is an arbitrary irreducible smoothG-module; moreover,
we are reduced to the case where dimW ≥ 2 for every irreducible quotient W of
ResGP (V ) (which obviously implies that dimV ≥ 2).
In what follows, we fix the following notation which we will use repeatedly in
the subsequent results (without always recalling their meaning). Let n ≥ 2 be
an integer such that J n 6= {0}, and write N = 1 + J n. Since J n ⊆ J n−1 are
ideals of A, it follows from Lemma 2 that there exists an ideal L of A such that
J n ⊆ L ⊆ J n−1 and dimL = dimJ n+1. We fix such an ideal, and set Q = 1+L.
[As usual, if g and h are elements of a group, then we define gh = h−1gh and
[g, h] = g−1h−1gh = g−1gh.]
Lemma 8. Let ς ∈ N◦ be P -invariant, and define
Jς = {a ∈ J : ς([1 + a, 1 + u]) = 1 for all u ∈ L}.
Then, Jς is a subalgebra of J satisfying J 2 ⊆ Jς and dimJς ≥ dimJ − 1. Fur-
thermore, if we define the map ϕς : P → Q◦ by the rule
ϕς(g)(h) = ς
(
[g, h]
)
, g ∈ P, h ∈ Q,
then ϕς is a group homomorphism with ker(ϕς) = 1 + Jς and ϕς(P ) ⊆ N⊥ where
N⊥ = {τ ∈ Q◦ : N ⊆ ker(τ)} is the orthogonal subgroup of N in Q◦; hence, ϕς
defines naturally a group homomorphism ϕς : P → (Q/N)
◦.
Proof. We first observe that the map ϕς is a well-defined group homomorphism.
On the one hand, we have [P,Q] ⊆ [1+J , 1+J n−1] ⊆ 1+J n = N . On the other
hand, since [g, hk] = [g, k][g, h]k, we deduce that
ϕς(g)(hk) = ς([g, k])ς([g, h]) = ϕς(g)(h)ϕς(g)(k)
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for all g ∈ P and all h, k ∈ Q; we recall that ς is P -invariant. It follows that,
for every g ∈ P , the map ϕς(g) : Q → C× is indeed a (smooth) character of Q.
Similarly, since [gh, k] = [g, k]h[h, k], we have
ϕς(gh)(k) = ς([g, k])ς([h, k]) = ϕς(g)(k)ϕς(h)(k)
for all g, h ∈ P and all k ∈ Q, and so ϕς is a group homomorphism.
Now, since [P,N ] ⊆ ker(ς) (because ς is P -invariant), the image ϕς(P ) clearly
lies in N⊥; moreover, it is obvious (by the definition) that ker(ϕς) = 1 + Jς . Let
a ∈ J and α ∈ k be arbitrary. It is straightforward to check that
[1 + αa, 1 + u][1 + a, 1 + αu]−1 ∈ 1 + J n+1
for all u ∈ J n−1; indeed, as in the proof of [2, Proposition 3.1(b) (pg. 547)], we
deduce that
[1 + αa, 1 + u] [1 + a, 1 + αu]−1 ∈ [1 + J , 1 + J n]
for all u ∈ J n−1. Since ς is P -invariant (and [1+J , 1+J n] = [P,N ]), we conclude
that
(†) ς([1 + αa, 1 + u]) = ς([1 + a, 1 + αu])
for all u ∈ J n−1, and this clearly implies that αu ∈ Jς for all α ∈ k and all u ∈ Jς .
On the other hand,[8, Theorem 1.4] implies that
[1 + J 2, 1 + L] ⊆ [1 + J 2, 1 + J n−1] ⊆ [1 + J , 1 + J n] = [P,N ],
and thus J 2 ∈ Jς . Since ker(ϕς) = 1 + Jς and since
(1 + u+ v)−1(1 + u)(1 + v) = 1 + (1 + u+ v)−1uv ∈ 1 + J 2,
we see that u + v ∈ ker(ϕς) for all u, v ∈ Jς . It follows that Jς is an ideal of J
with J 2 ⊆ Jς .
Finally, notice that N⊥ ∼= (Q/N)◦ and that
Q/N = (1 + L)/(1 + J n) ∼= 1 + (L/J n) ∼= k+.
Therefore, since P/ ker(ϕς) ∼= ϕς(P ) ⊆ N⊥, we conclude that dimJ − dimJς ≤ 1,
and this completes the proof. 
The following result is essentially a particular case of [9, Lemma 3.4]; for conve-
nience of the reader, we include a proof which avoids the finiteness of the base field
k.
Lemma 9. Let ς ∈ N◦ be G-invariant, let I be an ideal of A with J 2 ⊆ I ⊆ J ,
and let Jς ⊆ J be defined as in Lemma 8. Then, Iς = I ∩ Jς is an ideal of A.
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Proof. The result is obvious in the case where Jς = J ; hence, we assume that
Jς 6= J , so that dimJς = dimJ − 1 (by the previous lemma). The result is also
clearly true in the case where I ⊆ Jς ; thus, we may assume that Jς + I = J ,
which implies that dim Iς = dim I −1. We now proceed by induction on dim I, the
result being obvious if dim I = dimJ 2 + 1; indeed, since J 2 ⊆ I ∩ Jς ⊆ I, either
I ∩ Jς = J 2, or I ∩ Jς = I. Therefore, we may assume that dim I ≥ dimJ 2 + 2,
and that the result is true whenever I ′ is a ideal of A with J 2 ⊆ I ′ ⊆ J and
dim I ′ < dim I.
Let I ′ς be the unique ideal of A which is maximal with respect to the condition
I ′ς ⊆ Iς ; hence, we must prove that I
′
ς = Iς . Since I
′
ς is clearly a D-bimodule,
Lemma 2 assures that I = I ′ς ⊕V for some sub-bimodule V of I. Let Vς = V ∩ Jς ,
and note that Iς = I ′ς ⊕ Vς ; hence, I
′
ς = Iς if and only if Vς = {0}. By the way of
contradiction, we assume that Vς 6= {0}; notice that Vς 6= V (otherwise, Iς = I).
Since Q a T -invariant subgroup of G (because it is an ideal subgroup of G), we
deduce that
ς([1 + t−1at, h]) = ς([1 + a, tht−1]t) = ς([1 + a, tht−1]) = 1
for all a ∈ Vς , all t ∈ T , and all h ∈ Q Since Vς ⊆ Jς (and since V is clearly
T -invariant), it follows that Vς is a T -invariant vector subspace of V .
On the other hand, let V ′ 6= {0} be a proper sub-bimodule of V , and let I ′ =
I ′ς + V
′. Then, I ′ is an ideal of A with I ′ ( I, and thus I ′ ∩ Jς is an ideal of A
(by the inductive hypothesis). Since I ′ς ⊆ I
′ ∩ Jς ⊆ I ∩ Jς = Iς , we conclude that
I ′ ∩ Jς = I ′ς (by the maximality of I
′
ς), and thus
Vς ∩ V
′ = (Jς ∩ I
′) ∩ V = I ′ς ∩ V = {0}.
Therefore, the vector subspaces V and Vς of I satisfy the assumptions of [9,
Lemma 2.2] (we note that the proof of this result holds for an arbitrary field).
In particular, if e1, . . . , en ∈ D are non-zero orthogonal idempotents such that
D = ke1 ⊕ · · · ⊕ ken, then
dim erV ≤ 1 and dimVer ≤ 1
for every 1 ≤ r ≤ n.
Next, we consider the ideal subgroup Q = 1 + L of G, and the group ho-
momorphism ϕς : P → Q◦ (as defined in the previous lemma); we recall that
ker(ϕς) = 1 + Jς . Since L is an ideal of A with dimL = dimJ n + 1, we have
L = J n ⊕ ku where u = eiuej for some 1 ≤ i, j ≤ n; hence Q = (1 + ku)N .
Firstly, suppose that ejV = Vei = {0}, and let v ∈ V be arbitrary. Then,
uv = uejv = 0 and vu = veiu = 0, and so [1 + v, 1 + αu] = 1 for all α ∈ k. It
follows that 1+ v ∈ ker(ϕς) = 1+Jς , and thus V ⊆ Jς . Therefore, in this case, we
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have V ⊆ I ∩ Jς = Iς , and hence I = I ′ς + V ⊆ Iς which implies that Iς = I is an
ideal of A.
Now, suppose that ejV 6= {0}, and let v ∈ V be such that ejV = kv; since V
has a k-basis consisting of vectors w ∈ V satisfying Dw = wD = kw, it is clear
that v = vek for some 1 ≤ k ≤ n (see Lemma 2). Then, V = V ′ ⊕ kv for some
sub-bimodule V ′ of V ; in particular, we have ejV ′ = V ′ek = {0}. On the one hand,
suppose that V ′ei = {0}. Then, the argument above shows that V ′ ⊆ Iς , and so
V ′ ⊆ V ∩ Iς = Vς . It follows that V ′ = {0} (because V ′ ( V), and thus V = kv. By
the definition of V , we conclude that I = I ′ς ⊕ kv, and hence dim I = dim I
′
ς + 1.
Since I ′ς ⊆ Iς and dim Iς = dim I − 1, we must have I
′
ς = Iς , and hence Iς is an
ideal of A. On the other hand, let us assume that V ′ei 6= {0}, and let w ∈ V ′ be
such that V ′ei = kw; as above, we must also have Dw = kw. In this situation, we
have V = V ′′⊕(kv⊕kw) for some sub-bimodule V ′′ of V . Since ejV ′′ = V ′′ei = {0},
we may repeat the argument above to conclude that V ′′ ⊆ V ∩Jς = Vς . Therefore,
V ′′ = {0}, and so V = kv ⊕ kw.
Since k 6= i (otherwise, v = vei ∈ Vei = kw), we have vu = 0, and thus
[1 + v, 1 + u] = 1 − u′v where u′ ∈ J is such that (1 + u)−1 = 1 + u′. Since
u′v ∈ uAv, we see that (u′v)2 ∈ (uAv)2 = {0}, and thus S = 1 + k(u′v) is a
T -invariant algebra subgroup of N ; indeed, we have D(u′v)D = ku′v (because
u′ = eiu
′ and v = vek). Let α ∈ k× be arbitrary, and choose t ∈ T such that
t−1u′ = αu′ and vt = v; notice that, since i 6= k, it is enough to choose t ∈ T
satisfying tei = α
−1ei and tek = ek. It follows that
[1 + v, 1 + u]t = (1− u′v)t = 1− t−1u′vt = 1− αu′v,
and thus the restriction ςS of ς to S is a (smooth) character of S which is constant
on S \ {1} (because ς is T -invariant). Therefore, ςS must be the trivial character,
and thus ς([1+v, 1+u]) = 1. It follows that 1+v ∈ 1+Jς , and so v ∈ V ∩Jς = Vς .
Since kv 6= V and Dv = vD = kv, we must have kv = {0}, a contradiction.
The proof is complete. 
We are now able to prove the following crucial result.
Proposition 3. Let ς ∈ N◦ be P -invariant, and let Jς ⊆ J be defined as in Lemma
8. Then, [Q,Q] ⊆ ker(ς), and there exists ϑ ∈ Q◦ such that ϑN = ς; moreover, the
following properties hold.
(i) Pϑ′ = 1 + Jς for all ϑ′ ∈ Q◦ such that ϑ′N = ς.
(ii) If Pϑ 6= P and if ϑ′ ∈ Q◦ is such that ϑ′N = ς, then there exists g ∈ P
such that ϑ′ = ϑg.
Proof. We start by observing that [Q,Q] ⊆ ker(ς). Indeed, since dimL = J n + 1,
there exists a ∈ L such that L = J n ⊕ ka, and hence Q = (1 + ka)N . Since
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[1 + αa, 1 + βa] = 1 for all α, β ∈ k, we see that ς([1 + ka, 1 + ka]) = {1}, and
this clearly implies that ς([Q,Q]) = {1} (because ς is P -invariant). Let V be an
irreducible quotient of the smoothly induced Q-module IndQN(Cς); as in the proof
of Lemma 6, the existence of V follows from [2, Theorem 1.3] and [2, Corollary 4.8].
Since N is a normal subgroup of Q and ς is Q-invariant, we have xφ = ς(x)φ for
all x ∈ N and all φ ∈ IndQN(W ), and thus xv = ς(x)v for all x ∈ N and all v ∈ V .
Since [Q,Q] ⊆ ker(ς), it follows from Schur’s lemma that dimV = 1, and thus V
affords a character ϑ ∈ Q◦ which clearly satisfies ϑN = ς .
In order to prove properties (i) and (ii), we consider the group homomorphism
ϕς : P → Q◦ as defined in Lemma 8; we recall that ϕς(P ) ⊆ N⊥ and that ker(ϕς) =
1+Jς where Jς is an ideal of J satisfying J 2 ⊆ Jς and dimJς ≥ dimJ −1. On the
one hand, (i) follows because Pϑ′ = ker(ϕς) = 1+Jς for all ϑ′ ∈ Q◦ such that ϑ′N =
ς . On the other hand, let us assume that Pϑ 6= P (hence, ker(ϕ) 6= P and Jς 6= J ),
and let x ∈ P be such that ϕ(x) ∈ Q◦ is not identically equal to 1. Let a ∈ J be such
that x = 1 + a; then, Eq. (†) implies that ϕς(1 + αa) ∈ ϕς(P ) = N
⊥ for all α ∈ k.
Since N⊥ ∼= (Q/N)◦ and Q/N ∼= 1 + (L/J n) ∼= k+, it is straightforward to show
that the mapping α 7→ ϕς(1 + αa) defines group isomorphism k+ ∼= N⊥ (we recall
that k is a self-dual field). In particular, it follows that N⊥ = {ϕς(1+αa) : α ∈ k},
and so the map ϕς : P → N⊥ is surjective and P/Pϑ ∼= N⊥ ∼= k+.
To conclude the proof of (ii), let ϑ′ ∈ Q◦ be such that ϑ′N = ς , and consider the
character ϑ′ϑ−1 ∈ Q◦. It is obvious that ϑ′ϑ−1 ∈ N⊥, and thus there exists α ∈ k
such that ϑ′ϑ−1 = ϕς(1 + αa). If we set g = (1 + αa)
−1, then
ϑ′(x)ϑ(x)−1 = ς([g−1, x−1]) = ς(gxg−1x−1)
= ϑ(gxg−1x−1) = ϑ(gxg−1)ϑ(x)−1,
and hence ϑ′(x) = ϑ(gxg−1) for all x ∈ Q, as required. 
Proposition 4. Let ς ∈ N◦ be P -invariant, and let ϑ ∈ Q◦ be such that ϑN = ς.
Then, Gϑ is the unit group of some subalgebra of A.
Proof. In the case where ϑ is P -invariant, the result follows by Proposition 2: hence,
we assume that Pϑ 6= P . Let D be the diagonal subalgebra of A, and let T = D× be
the diagonal subgroup of G. By Proposition 1, we know that Tς is the unit group
of some subalgebra Dς of D; similarly, Tϑ is the unit group of some subalgebra Dϑ
of D.
Since ς is P -invariant, we see that the Gς of ς is the unit group of the subalgebra
Aς = Dς ⊕J of A; indeed, we have Gς = TςP . Let Jς be the ideal of J defined as
in Lemma 8, and note that 1+Jς = Pϑ is the centraliser of ϑ in P (by the previous
proposition, because ϑN = ς . Since ς is Gς -invariant, Lemma 9 implies that Jς is
an ideal of A(ς), and thus TςPϑ is the unit group of the subalgebra Bς = Dς ⊕ Jς
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of Aς (and hence of A). We also observe that Gϑ ⊆ Gς (because ϑN = ς), and
that TϑPϑ is a normal subgroup of Gϑ (but not necessarily the unit group of a
subalgebra of A).
Since Jς is an ideal of J with dimJς = dimJ − 1, there exists a ∈ J such
that J = Jς ⊕ ka and Da = aD = ka (see Lemma 2). Since Gϑ ⊆ Gς = TςP and
Pϑ ⊆ Gϑ, every element g ∈ Gϑ is uniquely written as a product g = tx for t ∈ Tς
and x ∈ 1+ka. In fact, for every t ∈ Tς , there is a unique element x(t) ∈ 1+ka such
that tx(t) ∈ Gϑ. To see this, let t ∈ Tς be arbitrary. Then, ϑt ∈ Q◦ satisfies (ϑt)N =
ςt = ς , and thus Proposition 3 implies that ϑt = ϑx for some x ∈ P . Therefore,
ϑtx
−1
= ϑ, and hence tx−1 ∈ Gϑ. Since P = (1 + ka)(1 + Jς) = (1 + ka)Pϑ and
Pϑ ⊆ Gϑ, we have x−1 ∈ x(t)Pϑ for some x(t) ∈ 1+ ka, and so ϑtx(t) = ϑxx(t) = ϑ;
notice that x(t) is uniquely determined by t ∈ Tς .
Suppose that Tς = Tϑ. If this is the case, then ϑ
x(t) = ϑtx(t) = ϑ, and thus
x(t) ∈ Gϑ ∩ P = Pϑ for all t ∈ Tς . By the above, we conclude that Gϑ = TςPϑ is
the unit group of the subalgebra Bς of A. Therefore, we henceforth assume that
Tς 6= Tϑ.
For every t ∈ Tς , let α(t) ∈ k be such that x(t) = 1+α(t)a. It is straightforward
to check that the mapping tTϑ 7→ α(t) defines an injective map
α : Tς/Tϑ → k.
Since Tς = (Dς)× of D, the stabiliser (Tς)a = {t ∈ Tς : t−1at = a} is the unit
group of the subalgebra (Dς)a = {d ∈ Dς : da = ad} of Dς . Moreover, the mapping
d 7→ da − ad defines a surjective k-linear map Dς → ka with kernel (Dς)a, and so
dim(Dς)a = dimDς − 1. On the other hand, it is straightforward to check that α
induces (by restriction) a group homomorphism
α˜ :
(
(Tς)aTϑ
)
/Tϑ → k
+.
Since
(
(Tς)aTϑ
)
/Tϑ ∼= (Tς)a/(Tϑ ∩ (Tς)a is, either the trivial group, or the direct
product of a finite number of copies of the multiplicative group k× (because (Tς)a
and Tϑ∩(Tς)a are unit groups of subalgebras of D), we must have (Tς)a = Tϑ∩(Tς)a;
indeed, if we choose a root of unity ζ ∈ k× of order coprime to the characteristic
of the residue field of k, then we must have α˜(ζ) = 0. Therefore, we conclude that
(Tς)a ⊆ Tϑ, and so (Dς)a ⊆ Dϑ ( Dς . Since dim(Dς)a = dimDς − 1, it follows that
Dϑ = (Dς)a, and thus Tϑ = (Tς)a and Tς/Tϑ ∼= k×.
Since Pϑ is an ideal subgroup of Gς and Pϑ ⊆ Gϑ ⊆ Gς , it is also a normal
subgroup of Gϑ, and thus the mapping t 7→ (tx(t))Pϑ defines a bijection
β : Tς → Gϑ/Pϑ.
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Since P is a normal subgroup of G, we have(
tt′x(tt′)
)(
t′x(t′)
)−1(
tx(t))−1 ∈ P ∩Gϑ = Pϑ,
and so β(tt′) = β(t)β(t′) for all t, t′ ∈ Tς . It follows that β is a group isomorphism,
and hence Gϑ/Pϑ is an abelian group. Therefore, we conclude that
(
TϑPϑ
)
/Pϑ is
a normal subgroup of Gϑ/Pϑ, and thus TϑPϑ is a normal subgroup of Gϑ. Since
β(Tϑ) =
(
TϑPϑ
)
/Pϑ, we see that β induces naturally a group isomorphism
β˜ : Tς/Tϑ → Gϑ/
(
TϑPϑ
)
.
Now, for every t ∈ Tς , we have tat−1 ∈ ka, and hence there is λ(t) ∈ k× such that
tat−1 = λ(t)a. The mapping t 7→ λ(t) defines a group homomorphism λ : Tς → k×
with ker(λ) = (Tς)a = Tϑ. On the other hand, since J = Jς ⊕ ka, for every x ∈ P ,
there exists µ(x) ∈ k such that x ∈ (1 + µ(x)a)Pϑ, and the mapping x → µ(x)
defines a group homomorphism µ : P → k+ with ker(µ) = Pϑ. Since every element
g ∈ TςP is uniquely written as a product g = tx for t ∈ Tς and x ∈ P , we may
define a map ψ : TςP → GL2(k) by the rule
ψ(tx) =
[
λ(t) µ(x)
0 1
]
, t ∈ Tς , x ∈ P.
Since (tx)(t′x′) = (tt′)((t′)−1xt′x′) and µ((t′)−1xt′x′) = λ(t′)µ(x) + µ(x′), we see
that ψ((tx)(t′x′)) = ψ(tx)ψ(t′x′) for all t, t′ ∈ Tς and all x, x′ ∈ P , which means
that ψ is a group homomorphism. It is clear that ker(ψ) = TϑPϑ, and so ψ induces
a group isomorphism ψ˜ :
(
TςP
)
/
(
TϑPϑ
)
→ M2 where M2 denotes the mirabolic
subgroup
M2 =
{[
r s
0 1
]
: r ∈ k×, s ∈ k
}
of GL2(k).
Finally, consider the image M ′2 = ψ˜
(
Gϑ/
(
TϑPϑ
))
; recall that Gϑ is a subgroup
of TςP . Since there are group isomorphisms
Gϑ/
(
TϑPϑ
)
∼= Tς/Tϑ ∼= k
×,
we conclude that M ′2
∼= k× is a commutative subgroup of M2. For every t ∈ Tς , we
have tx(t) ∈ Gϑ, and
ψ(tx(t)) =
[
λ(t) µ(x(t))
0 1
]
;
moreover, notice that the matrix ψ(tx(t)) is semisimple for all t ∈ Tς\Tϑ. Therefore,
since M ′2 is commutative and consists of semisimple matrices, there exists x ∈
GL2(k) such that
x
[
λ(t) µ(x(t))
0 1
]
x−1 =
[
λ(t) 0
0 1
]
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for all t ∈ Tς ; in fact, we may choose x ∈M2. Let g ∈ TςP be such that ψ(g) = x.
Then,
ψ(gGϑg
−1) = xM ′2x
−1 =
{[
λ(t) 0
0 1
]
: t ∈ Tς
}
= ψ(Tς),
and thus gGϑg
−1 = TςPϑ is the unit group of the subalgebra Bς of A. It follows
that Gϑ is the unit group of the subalgebra g
−1Bςg of A, and this completes the
proof. 
We are now able to prove our main result.
Proof of Theorem 1. We proceed by induction on dimA, the result being obvious
if dimA = 1. Therefore, we assume that dimA ≥ 2, and that the result is true
whenever A′ is a subalgebra A with dimA′  dimA.
Let V be an arbitrary irreducible smooth G-module, and let V ′ be an irreducible
quotient of ResGP (V ) (the existence of which is guaranteed by Lemma 6). In spite of
Proposition 2, we may assume that dimV ′ ≥ 2. In this situation, there is an integer
m ≥ 2 such that Jm 6= {0} and Jm+1 = {0}; notice that J 2 6= {0} (otherwise,
P = 1 + J is abelian, and hence V ′ must be one-dimensional). Since 1 + Jm
lies in the centre of P , Schur’s lemma implies that 1 + Jm acts on V ′ by scalar
multiplications, and thus we may choose the smallest positive integer n for which
there exists ς ∈ (1 +J n)◦ such that gv′ = ς(g)v′ for all g ∈ 1+J n and all v′ ∈ V ′.
We note that, since V ′ is an irreducible smooth P -module with dimV ′ ≥ 2, we must
have n ≥ 2; furthermore, since [1+J , 1+J n−1] ⊆ 1+J n, the minimal choice of n
implies that ς is not identically equal to 1 (otherwise, Schur’s lemma would imply
that the subgroup 1+J n−1 acts on V ′ by scalar multiplications). Since J n−1 and
J n are ideals of A, Lemma 2 implies that J n−1 = L1 + · · · + Lt for some ideals
L1, . . . ,Lt of A satisfying J n ⊆ Li ⊆ J n−1 and dim
(
Li/J n
)
= 1 for all 1 ≤ i ≤ t.
By the minimal choice of n, we must have ς [1+J , 1+Li] 6= {1} for some 1 ≤ i ≤ t
(otherwise, we would have [1 + J , 1 + J n−1] ⊆ ker(ς), and hence 1 + J n−1 would
act on V ′ by scalar multiplications).
Let N = 1 + J n, and let Q = 1 + L where we set L = Li. The argument
used in the proof of Lemma 6 shows the smooth Q-module ResPQ(V
′) has an ir-
reducible quotient V ′′. Since [Q,Q] ⊆ ker(ς), Schur’s lemma implies that V ′′ is
one-dimensional, and thus it affords a character ϑ ∈ Q◦. [Notice that the extreme
case where n = 2 and dimJ = dimJ 2 + 1 cannot occur; indeed, in this situa-
tion, we must have Q = P , and hence V ′′ = V ′ which contradicts the assumption
dimV ′ ≥ 2.] In particular, we have V ′ϑ 6= {0}, and thus Vϑ 6= {0} (by [1, Proposi-
tion 2.35] because P is an ℓc-group). By Lemma 5, Vϑ is an irreducible Gϑ-module
and we have V = c-IndGGϑ(Vϑ). Since N acts on V
′ (hence, on V ′′) via the character
ς , we must have ϑN = ς , and thus Gϑ is the unit group of some subalgebra A
′ of A
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(by Proposition 4). Since ϑ([P,Q]) = ς([P,Q]) 6= {1}, we must have Pϑ 6= P , and
thus Gϑ 6= G. Therefore, we have dimA′  dimA, and thus it follows by induction
that there exists a subalgebra B of A′ such that Vϑ ∼= c-Ind
Gϑ
H (W ) where H = B
×
is the unit group of B and W is a one-dimensional H-module. By transitivity of
c-induction (see [1, Proposition 2.25(b)]), we conclude that
V ∼= c-IndGGϑ
(
c-IndGϑH (W )
)
∼= c-IndGH(W ),
as required. 
We conclude the present work with two remarks concerning with admissibility
and unitarisability of an arbitrary irreducible smooth G-module. On the one hand,
we aim to establish the following result.
Theorem 2. Let V be an irreducible smooth G-module, and let B be a subalgebra
of A such that V ∼= c-IndGH(W ) where H = B
× is the unit group of B and W is a
one-dimensional smooth H-module. Then, the following are equivalent.
(i) H contains the diagonal subgroup T of G.
(ii) The smooth G-module V is admissible.
(iii) There is an isomorphism of G-modules V ∼= IndGH(W ).
Proof. For simplicity of reading, we consider several (independent) steps; in the
first step, we establish that both (ii) and (iii) imply (i).
Step 1. Assume that, either V is admissible, or V ∼= IndGH(W ). Then, T ⊆ H.
Proof. Let D′ be the diagonal subalgebra of B, and let T ′ = (D′)× be the unit
group of D′ (hence, T ′ is the diagonal subgroup of H). On the other hand, let D be
the diagonal subalgebra of A, and note that D is clearly a D′-bimodule. Therefore,
Lemma 2 implies that D = D′ ⊕ D′′ for some sub-bimodule D′′ of D, and thus
T = T ′T ′′ where T ′′ = (D′′)× is the unit group of D′′. Then, G decomposes as the
semidirect product G = G′T ′′ where G′ = T ′P ; moreover, we have B = D′ ⊕ J (B)
where J (B) denotes the Jacobson radical of B, and thus H ⊆ G′.
Let V ′ = c-IndG
′
H (W ), so that V
∼= c-IndGH(W ) ∼= c-Ind
G
G′(V
′); notice also that
IndGH(W )
∼= IndGG′(V
′). Since G = G′T ′′ is a semidirect product, every element of
G is uniquely factorised as a product gt for g ∈ G′ and t ∈ T ′′, and hence every
function φ ∈ IndGG′(W
′) is uniquely determined by the rule
φ(gt) = gφ(t), g ∈ G′, t ∈ T ′′;
in particular, a function φ ∈ IndGG′(W
′) lies in c-IndGG′(W
′)) if and only if its
restriction to T ′′ has compact support. Since T ′′ ∼= (k×)r for some nonnegative
integer r ≥ 0, we conclude that IndGG′(V
′) = c-IndGG′(V
′) if and only if T ′′ = {1}
(that is, if and only if r = 0); in other words, we have IndGG′(V
′) = c-IndGG′(V
′)
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if and only if G = G′ which occurs if and only if T ⊆ H . Finally, suppose that
V ∼= IndGH(W )
∼= IndGG′(V
′). Then, IndGG′(V
′) is an irreducible smooth G-module,
and so IndGG′(V
′) = c-IndGG′(V
′). By the above, we conclude that T ⊆ H , as
required.
On the other hand, suppose that V ∼= c-IndGH(W ) is admissible. Let δG : G→ R
×
+
and δH : H → R
×
+ be the unimodular characters of G and H , respectively; for the
definition, we refer to [3, Section 3.3]. If V ∨ denotes the smooth dual of V (see [3,
Section 2.8]), then [3, Theorem 3.5] implies that there is a natural isomorphism
V ∨ ∼= (c-IndGH(W ))
∨ ∼= IndGH(δG/H ⊗W
∨)
where δG/H = (δH)
−1(δG)H and where the smooth H-module δG/H ⊗ W
∨ has
underlying vector space equal to W∨ and H-action defined by
h · w∨ = δG/H(h)(hw
∨), h ∈ H, w∨ ∈W∨.
Since V is admissible, the smooth dual V ∨ is irreducible (see [3, Proposition 2.10]),
and so the smooth G-module IndGH(δG/H ⊗W
∨) is also irreducible. By the above,
we conclude that T ⊆ H , and this completes the proof. 
We next prove that (i) implies both (ii) in the particular situation where the
subalgebra B has codimension one in A.
Step 2. Let J0 = J (B) denote the Jacobson radical of B, and suppose that
dimJ0 = dimJ − 1 where J = J (A). Moreover, assume that T ⊆ H. Then,
the smooth G-module V is admissible.
Proof. Firstly, we note that J 2 ⊆ J0; otherwise, since dimJ = dimJ0+1, we must
have J0+J 2 = J , and so Nakayama’s Lemma (see, for example, [12, Theorem 2.3])
implies that J0 = J . Now, let P0 = 1+J0, and note that P0 is an ideal subgroup of
G with H = P0T (because T ⊆ H). Let τ ∈ (P0)◦ be the character of P0 afforded
by the one-dimensional smooth P0-module Res
H
P0(W ), and consider the irreducible
smooth Gτ -module Vτ ; notice that V ∼= c-Ind
G
Gτ (Vτ ). Since H is clearly a subgroup
of Gτ , there are isomorphisms
V ∼= c-IndGH(W )
∼= c-IndGGτ (c-Ind
Gτ
H (W ));
in particular, we conclude that the smooth Gτ -module c-Ind
Gτ
H (W ) is irreducible.
Since xφ = τ(x)φ for all x ∈ P0 and all φ ∈ c-Ind
Gτ
H (W ), it follows from [14,
Corollaire 2 au The´ore`me 3] that
c-IndGτH (W )
∼= Vτ ;
note that, as in the proof of Lemma 5, we should consider the closure [P, P ] of the
commutator subgroup of P and replace G by the quotient group G/[P, P ] and P
by P/[P, P ] (see also [2, Theorem 4.13]). Since xv = τ(x)v for all x ∈ P0 and all
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v ∈ Vτ , it follows that Res
Gτ
T (Vτ ) is irreducible, and hence Vτ is one-dimensional
(by Schur’s Lemma); in particular, we conclude that H = Gτ and that W ∼= Vτ .
On the other hand, since V ∼= c-IndGH(W ) and since J
2 ⊆ J0, we see that
xv = τ(x)v for all x ∈ 1 + J 2 and all v ∈ V . Since dimV ≥ 2, the proof of
Theorem 1 guarantees that there exists an ideal L of A satisfying J 2 ⊆ L ⊆ J and
dim(L/J 2) = 1, and such that
V ∼= c-IndGGϑ(Vϑ)
for some smooth character ϑ ∈ (1 + L)◦. By the construction of L, it is clear that
L 6⊆ J0, and thus J = J0+L (because dimJ0 = dimJ −1); furthermore, it follows
from Proposition 3 that ς = ϑ1+J 2 is a P -invariant smooth character of 1 + J
2
such that Pϑ = 1 + Jς where
Jς = {a ∈ J : ς([1 + a, 1 + u]) = 1 for all u ∈ L}
is an ideal of A with dimJς = dimJ − 1 (see also Lemma 8). We claim that
(Gϑ)τ = Gϑ ∩Gτ = T (P0 ∩ Pϑ);
the inclusion Gϑ∩Gτ ⊆ T (Pϑ∩P0) is clear because Gϑ ⊆ TPϑ and Gτ = H = TP0.
For the reverse inclusion, let t ∈ T be arbitrary, and recall from Proposition 3 that
the P -orbit ϑP ⊆ (1+L)◦ of ϑ consists of all ϑ′ ∈ (1+L)◦ which satisfy (ϑ′)1+J 2 = ς .
In particular, since ϑ(txt−1) = τ(txt−1) = τ(x) for all x ∈ 1+J 2, we conclude that
ϑt = ϑx for some x ∈ P ; indeed, since J = J0 + L, we have P = P0(1 + L), and
thus ϑP = ϑP0 . It follows that ϑt = ϑx for some x ∈ P0, and thus tx−1 ∈ Gϑ. Since
Gϑ ⊆ TPϑ, we conclude that x−1 ∈ Pϑ, and thus ϑt = ϑx = ϑ, that is, t ∈ Gϑ.
Now, let σ ∈ (Pϑ ∩ P0)◦ be the restriction of τ to Pϑ ∩ P0, and note that
(Gϑ)σ = (Gϑ)τ ; thus, we have
Vϑ ∼= c-Ind
Gϑ
(Gϑ)τ
((Vϑ)σ).
Since xv = σ(x)v = τ(x)v for all x ∈ Pϑ ∩ P0 and all v ∈ (Vϑ)σ, we conclude
that every vector subspace of (Vϑ)σ is (Pϑ ∩ P0)-invariant, and this implies that
the restriction Res
(Gϑ)τ
T ((Vϑ)σ) is an irreducible smooth T -module. Since T is an
abelian ℓ-group, Schur’s lemma implies that the smooth (Gϑ)τ -module (Vϑ)σ is
one-dimensional. Since Gϑ = TPϑ is the unit group of a proper subalgebra of A,
we may use induction to conclude that the smooth Gϑ-module Vϑ is an admissible.
[We note that (Vϑ)σ ∼= Res
H
Hς (W ) where Hς = T (Pϑ∩P0).] Since Gϑ = TPϑ, we see
that ϑG = ϑP = {ϑ′ ∈ (1 + L)◦ : (ϑ′)1+J 2 = ς} is a closed subset of (1 + L
′)◦, and
thus it follows from [14, The´ore`me 4] that the smooth G-module V ∼= c-IndGGϑ(Vϑ)
is admissible, as required. 
In the next step we establish that (i) implies (ii).
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Step 3. Assume that T ⊆ H. Then, the smooth G-module V is admissible.
Proof. As in the previous proof, we argue by induction on the dimension of A, the
result being obvious in the case where A is one-dimensional; indeed, the result is
obvious in the case where V is one-dimensional, which clearly includes the case
where the k-algebra A is semisimple (because, if this is the case, then A must
be commutative). Therefore, we may assume that dimV ≥ 2; in particular, the
Jacobson radical J = J (A) of A must be non-zero.
Let J (B) denote the Jacobson radical of B. If J (B) +J 2 = J , then J (B) = J
(by Nakayama’s Lemma), and thus H = T (1 + J ) = G and V = W is one-
dimensional. It follows that J (B) + J 2 ( J , and so there exists an ideal J0 of A
such that J (B) + J 2 ⊆ J ′ ( J and dimJ ′ = dimJ − 1. Let P ′ = 1 + J ′, and
let G′ = TP ′; notice that P ′ is an ideal subgroup of G, and that G′ = (A′)× is
the unit group of the subalgebra A′ = D ⊕ J ′ of A where D denotes the diagonal
subalgebra of A. Since H ⊆ T (1 + J (B)) ⊆ G′, it is obvious that
V ′ = c-IndG
′
H (W )
is an irreducible smooth G′-module; indeed, by the transitivity of compact induc-
tion, we see that V ∼= c-IndGG′(V
′). Since A′ is a proper subalgebra of A, we know
by induction that V ′ is admissible.
If V ′ is one-dimensional, then it follows from Step 2 that V is admissible; thus,
we may assume that dim V ′ ≥ 2. In this situation, we repeat step-by-step the proof
of Theorem 1 to construct an ideal subgroup Q = 1 + L where L ( J ′ is an ideal
of A satisfying J n ⊆ L ⊆ J n−1 and dim(L/J n) = 1 for a suitable integer n ≥ 2,
and such that
V ′ ∼= c-IndG
′
G′
ϑ
(V ′ϑ)
for some smooth character ϑ ∈ Q◦. Indeed, the proof of Theorem 1 shows that
V ∼= c-IndGGϑ(Vϑ);
we claim that Vϑ = c-Ind
Gϑ
G′
ϑ
(
V ′ϑ
)
. On the one hand, we note that there are isomor-
phisms
V ∼= c-IndGG′(V
′) ∼= c-IndGG′
(
c-IndG
′
G′
ϑ
(
V ′ϑ
))
∼= c-IndGG′
ϑ
(
V ′ϑ
)
∼= c-IndGGϑ
(
c-IndGϑG′
ϑ
(
V ′ϑ
))
,
and hence c-IndGϑG′
ϑ
(
V ′ϑ
)
is an irreducible smooth Gϑ-module. On the other hand,
since xφ = ϑ(x)φ for all x ∈ Q and all φ ∈ c-IndGϑG′
ϑ
(
V ′ϑ
)
, it follows from [14,
Corollaire 2 au The´ore`me 3] that
c-IndGϑG′
ϑ
(
V ′ϑ
)
∼= Vϑ,
which is precisely what we claimed.
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Now, we know from by Proposition 4 thatG′ϑ is the unit group of some subalgebra
A′ϑ of A
′; moreover, as in the proof of Theorem 1, we see that there is a subalgebra
B′ of A′ϑ such that
V ′ϑ
∼= c-Ind
G′ϑ
H′ (W
′)
where H ′ = (B′)× is the unit group of B′ and W ′ is a one-dimensional smooth
H ′-module. [Notice that H ′ ⊆ G′ϑ; however, in the general situation, we are not
assuming that H ⊆ G′ϑ.] Since V
′ is admissible, the smooth G′ϑ-module is also
admissible, and hence T ⊆ H ′ (by Step 1). Since
Vϑ ∼= c-Ind
Gϑ
H′ (W
′)
(by the transitivity of c-induction), we conclude that the smooth Gϑ-module Vϑ
is admissible (by induction, because Gϑ is the unit group of a proper subalgebra
of A). Finally, we recall from Proposition 3 that ς = ϑ1+Jn is a P -invariant
smooth character of 1 + J n, and that the P -orbit ϑP ⊆ Q◦ of ϑ consists of all
ϑ′ ∈ Q◦ which satisfy (ϑ′)1+J 2 = ς ; in particular, ϑ
P is a closed subset of Q◦.
Since T ⊆ H ′ ⊆ Gϑ, it follows that ϑG = ϑP is a closed subset of Q◦, and thus
we conclude that the smooth G-module V ∼= c-IndGGϑ(Vϑ) is admissible (by [14,
The´ore`me 4]), as required. 
Finally, we prove that (i) implies (iii).
Step 4. Assume that T ⊆ H. Then, there is an isomorphism of smooth G-modules
V ∼= IndGH(W ).
Proof. Let δG : G→ R
×
+ and δH : H → R
×
+ be the unimodular characters of G and
H , respectively. Since T ⊆ H , the quotient space G/H is naturally homeomorphic
to J /J (B) where J (B) denotes the Jacobson radical of B, and thus the map
δG/H = (δH)
−1(δG)H is identically equal to 1 (because J /J (B) is an ℓc-group).
Therefore, [3, Theorem 3.5] implies that
V ∨ ∼= (c-IndGH(W ))
∨ ∼= IndGH(W
∨).
On the other hand, since T ⊆ H , the smooth G-module V is admissible (by the pre-
vious lemma), and thus its smooth dual V ∨ is also irreducible. Since c-IndGH(W
∨)
is a submodule of IndGH(W
∨), we conclude that V ∨ ∼= c-IndGH(W
∨), and thus
(V ∨)∨ ∼=
(
c-IndGH(W
∨)
)∨ ∼= IndGH ((W∨)∨)
(again by [3, Theorem 3.5]). Since (W∨)∨ ∼= W (because W is one-dimensional)
and since (V ∨)∨ ∼= V (by [3, Proposition2.9] because V is admissible), we conclude
that V ∼= IndGH(W ), as required. 
The proof of Theorem 2 is now complete. 
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We finish the paper with the following result concerning the unitarisability of an
arbitrary irreducible smooth G-module.
Theorem 3. Let V be an irreducible smooth G-module. Then, there is an isomor-
phism of G-modules V ∼= V ′ ⊗ V ′′ where V ′ is a unitarisable irreducible smooth
G-module and V ′′ is a one-dimensional smooth G-module, and where the G-action
on V ′ ⊗ V ′′ is given by g(v′ ⊗ v′′) = (gv′)⊗ (gv′′) for all g ∈ G, all v′ ∈ V ′ and all
v′′ ∈ V ′′.
Proof. Let B be a subalgebra of A such that V ∼= c-IndGH(W ) where H = B
× is
the unit group of B and W is a one-dimensional smooth H-module; moreover, let
τ ∈ H◦ be the smooth character of H afforded by W . Since B is a split basic
k-algebra, the group H decomposes as the semidirect product H = SQ where S
is the unit group of the diagonal algebra of B and where Q is the ideal subgroup
of H which corresponds to the Jacobson radical of B; notice that Q is a normal
subgroup of H , and that S is isomorphic to a finite direct product of copies of k×.
It is well-known that k× ∼= O××Z where O denotes the ring of algebraic integers
of k (see, for example, [13, Proposition 5.8]), and thus every smooth character of
k× can be naturally identified with a product α× β where α is a smooth character
of O× and β is a smooth character of the infinite cyclic Z. Since S is isomorphic
to a finite direct product of copies of k×, it follows that S decomposes as a direct
product S = S′ × S′′ of a compact subgroup S′ and a discrete subgroup S′′ which
is isomorphic to the direct product of a finite number of copies of Z; in particular,
every smooth character of S is naturally identified with a product σ′×σ′′ where σ′
is a smooth character of S′ and σ′′ is a smooth character of S′′. Since every smooth
character of a compact group is unitary, we conclude that there exists a smooth
character σ ∈ S◦ such that the product στS ∈ S◦ is an unitary character of S.
Let σ∗ ∈ H◦ be defined by σ∗(sx) = σ(s) for all s ∈ S and all x ∈ Q; we note
that
(σ∗τ)(sx) = (στS)(s)τ(x), s ∈ S, x ∈ Q,
and thus σ∗τ is a unitary character of H (because Q is an ℓc-group, and hence τQ is
a unitary character of Q; see [2, Lemma 4.9]). Let W ′ ∼= Cσ∗ be a one-dimensional
smooth H-module which affords the character σ∗, and consider the tensor product
W ′⊗W . We note thatW ′⊗W is one-dimensional and affords the unitary character
σ∗τ ∈ H◦; hence, the smooth H-module W ′ ⊗W is unitarisable. We define V ′ to
be the c-induced smooth G-module
V ′ = c-IndGH(W
′ ⊗W ),
and claim that V ′ is unitarisable. To see this, we observe that there is a chain
of subgroups H = H0 ⊆ H1 ⊆ · · · ⊆ Hn = G such that Hi−1 is normal in Hi
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for all 1 ≤ i ≤ n; for each 1 ≤ i ≤ n, let δi denote the modular character of Hi.
By [5, Corollary 1.5.4], we have (δi)Hi−1 = δi−1 for all 1 ≤ i ≤ n; in particular,
we conclude that (δG)H = δH where δG and δH are the modular characters of G
and H , respectively. It follows from [5, Theorem 1.5.3] that there exists a non-zero
Radon measure µ on the quotient space G/H which is invariant for the action of
G; we denote by 〈·, ·〉 the G-invariant positive definite Hermitian inner product on
W ′ ⊗W , and define〈
φ, ψ
〉
=
∫
G/H
〈
φ(g), ψ(g)
〉
dµ, φ, ψ ∈ c-IndGH(W
′ ⊗W );
notice that every function φ ∈ c-IndGH(W
′⊗W ) defines naturally a function on G/H
which clearly has compact support. It is straightforward to check that this formula
defines a positive definite Hermitian inner product on W ′⊗W on c-IndGH(W
′⊗W )
which isG-invariant (because the measure µ isG-invariant). Therefore, we conclude
that V ′ ∼= c-IndGH(W
′ ⊗W ) is unitarisable, as claimed.
Finally, as in the proof of Theorem 2 (Step 1), we see that there exists a subgroup
T ′ of T such that T decomposes as a direct product T = ST ′, and thus the smooth
character σ ∈ S◦ can be extended to a smooth character σ′ ∈ T ◦; moreover, since G
is the semidirect product G = TP where P = 1+J (A), there is a smooth character
ϑ ∈ G◦ such that ϑ(tx) = σ′(t) for all t ∈ T and all x ∈ P . Let W ′′ ∼= Cϑ be a
one-dimensional smooth H-module which affords the character ϑ, and consider the
tensor product W ′′ ⊗ c-IndGH(W ). For every w
′′ ∈ W ′′ and every φ ∈ c-IndGH(W ),
we define the function ψ(w′′ ⊗ φ) : G→W ′′ ⊗W by the rule
ψ(w′′ ⊗ φ)(g) = (gw′′)⊗ φ(g)) = ϑ(g)(w′′ ⊗ φ(g)), g ∈ G;
it is easy to check that the mapping w′′ ⊗ φ 7→ ψ(w′′ ⊗ φ) defines an isomorphism
of G-modules
W ′′ ⊗ c-IndGH(W )
∼= c-IndGH
(
ResGH(W
′′)⊗W
)
.
Since we clearly have ResGH(W
′′) ∼= W ′ (as H-modules), we conclude that
W ′′ ⊗ c-IndGH(W )
∼= c-IndGH
(
W ′ ⊗W
)
,
and thus
V ∼= c-IndGH(W ) ∼= V
′′ ⊗ c-IndGH
(
W ′ ⊗W
)
∼= V ′ ⊗ V ′′
where V ′′ = (W ′′)∨ ∼= Cϑ−1 . The result follows. 
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